Abstract. Let G be a compact connected Lie group with maximal torus T , and H a closed subgroup containing T . We work out the Atiyah-Bott-Berline-Vergne localization formula for the homogeneous space G/H under the natural action of the maximal torus T . The computation gives explicit formulas for the ordinary and equivariant characteristic numbers of a homogeneous space.
Let G be a compact connected Lie group with maximal torus T , and H a closed subgroup of G containing T . The quotient space G/H includes examples such as Grassmannians and flag manifolds. The torus T acts on G/H by left multiplication. In this note we apply the Atiyah-Bott-Berline-Vergne localization formula to calculate the equivariant characteristic numbers of G/H under this torus action (Section 13).
As it well known, this yields the ordinary characteristic numbers of the homogeneous space G/H (Th. 14). However, our main interest is to derive a restriction formula (Th. 8) and an Euler class formula (Th. 12) in the equivariant cohomology of G/H, for it turns out that these formulas can be used to calculate the Gysin homomorphism in the ordinary cohomology of a flag bundle. The application to the Gysin homomorphism is an instance of a general principle relating the push-forward in ordinary cohomology to the localization formula in equivariant cohomology. As this more general principle is independent of homogeneous spaces, we treat it in a separate article [15] .
In [13] a relative localization formula is used to calculate the Gysin map of an equivariant map. The restriction formula (Th. 8) and the Euler class formula (Th. 12) of the present article enter essentially in a calculation that allows us to recover a formula of Akyildiz and Carrell [2] for the Gysin map of a map between flag manifolds.
Using techniques of symplectic quotients, Shaun Martin ([12] , Prop. 7.2) has obtained a formula for the characteristic numbers of a Grassmannian similar to our Prop. 15 .
To simplify the exposition, we discuss first the homogeneous space G/T . The general case G/H follows by suitable modifications.
Although we consider cohomology with real coefficients, everything goes through with rational coefficients. To minimize the pre-requisites and to establish the notations, in the first few sections we recall some results on associated bundles, the characteristic map, the actions of the Weyl group, and equivariant cohomology.
I am grateful to Raoul Bott for suggesting the problem and for many helpful discussions.
Associated bundles and the characteristic map
Suppose a torus T of dimension ℓ acts freely on the right on a topological space X so that X − → X/T is a principal T -bundle. A character of T is a multiplicative homomorphism of T into C * . LetT be the group of characters of T , with the multiplication of characters written additively: for α, β ∈T and t ∈ T ,
The equivalence class of (x, v) is denoted [x, v] . The first Chern class of an associated line bundle defines a homomorphism of abelian groups
Let Sym(T ) be the symmetric algebra with real coefficients generated by the additive groupT . The group homomorphism (1) extends to a ring homomorphism
called the characteristic map of X/T , sometimes denoted c X/T . We apply the construction of the associated bundle of a character γ ∈T to two situations:
1) The classifying space BT . Applied to the universal bundle ET − → BT , this construction yields line bundles
over BT and cohomology classes c(γ
is a ring isomorphism, since both are polynomial rings in ℓ generators and the generators correspond. If χ 1 , . . . , χ ℓ is a basis for the character groupT and u i = c 1 (S χi ), then Sym(T ) is the polynomial ring R[χ 1 , . . . , χ ℓ ], and
2) The homogeneous space G/T . Applied to the principal T -bundle G − → G/T , this construction yields line bundles
over G/T .
The actions of the Weyl group
The Weyl group of a maximal torus T in the compact connected Lie group G is W = N G (T )/T , where N G (T ) is the normalizer of T in G. The Weyl group is a finite reflection group.
We use w to denote both an element of W and a lift of the element to the normalizer N G (T ). The Weyl group W acts on the character groupT of T by
This action induces an action on Sym(T ) as ring isomorphisms. Let R be the polynomial ring
and R W the subring of W -invariant polynomials. If the Lie group G acts on the right on a space X, then the Weyl group W acts on the right on X/T by r w (xT ) = (xT )w = xwT.
This action of W on X/T induces by the pullback an action of W on the line bundles over X/T and also on the cohomology ring H * (X/T ): if L is a line bundle on X/T and a ∈ H * (X/T ), then
Proposition 1. The action of the Weyl group W on the associated line bundles over X/T is compatible with its action on the characters of T ; more precisely, for w ∈ W and γ ∈T ,
If we use a different representative xt to represent xT , then
and it is easily verified that v ′ = γ(w
This shows that ϕ is well defined. It has the obvious inverse map
Proof. Writing L γ instead of L(X/T, γ), it follows from the proposition that 
Homotopy quotients and equivariant cohomology
Suppose a group G acts on the left on a space M , and EG − → BG is the universal principal G-bundle.
is also free. The space [7] or [10] .
A G-equivariant vector bundle E − → M induces a vector bundle E G − → M G . An equivariant characteristic class c G (E) of E − → M is defined to be the corresponding ordinary characteristic class c(E G ) of E G − → M G . By the definition of the homotopy quotient, M G − → BG is a fiber bundle with fiber M . Let i : M − → M G be the inclusion map as a fiber. We say that a cohomology classα ∈ H *
Now suppose G is a compact connected Lie group with maximal torus T . Let γ be a character of T . The torus acts by left multiplication on the associated line bundle
making L γ − → G/T into a T -equivariant complex line bundle. Taking the homotopy quotients yields a complex line bundle K γ := (L γ ) T − → (G/T ) T . Fix a basis χ 1 , . . . , χ ℓ for the characters of T and let
T (G/T ). These are equivariant extensions of the cohomology classes
It follows from ( [8] , Prop. 1(iii)) that the equivariant cohomology ring of G/T under the T -action is
. . , u ℓ , y 1 , . . . , y ℓ ]/J, where u i stands for π * u i and J is the ideal generated by p(y) − p(u), as p ranges over all W -invariant polynomials of positive degree in ℓ variables, i.e., p ∈ R W + .
Restriction to a fixed point in G/T
For the action of the torus T on G/T by left multiplication, it is easily verified that the fixed point set is the Weyl group W = N G (T )/T , considered as a subset of G/T . If w ∈ W is a fixed point, let i w : {w} ֒→ G/T be the inclusion map. Since i w is T -equivariant, it induces a homomorphism in equivariant cohomology
Proposition 2. With the identification
The proof of the proposition is based on two lemmas. Given a character γ of the torus T , consider the T -equivariant associated bundle L γ = L(G/T, γ) over G/T . At a fixed point w, the torus maps the fiber (L γ ) w linearly to itself. Hence, the fiber (L γ ) w is a representation of T .
Thus, under the isomorphism 
Proof. By Lemma 3 the restriction of the line bundle L γ to the fixed point w gives rise to a commutative Cartesian diagram of T -equivariant maps
? .
Taking the homotopy quotients results in the Cartesian diagram
is precisely the line bundle S w·γ over BT associated to the character w · γ of T .
Proof of Proposition 2.
Let π : G/T − → {w} be the constant map. Then π • i w = 1 w , the identity map on {w}. The elements
In Lemma 4, take γ to be χ i . Then
Since i * w and w are both algebra homomorphisms, for any polynomial f in ℓ variables,
The tangent bundle of G/H
Let G be a Lie group with Lie algebra g, and H a closed subgroup with Lie algebra h.
Proposition 5 (See also [14], p. 130). The tangent bundle of G/H is diffeomorphic to the vector bundle
To show that ϕ is well-defined, pick another representative of [g, v] , say [gh, Ad(h
since right multiplication r h on G/H is the identity map. Since ϕ is clearly a surjective bundle map of two vector bundles of the same rank, it is an isomorphism.
Equivariant Euler class of the normal bundle at a fixed point of G/T
In this section G is a compact connected Lie group, T a maximal torus in G, and g and t their respective Lie algebras. The adjoint representation of T on g decomposes g into a direct sum
where △ + is a choice of positive roots. Let w be a fixed point of the left multiplication action of T on G/T , and ν w the normal bundle of {w} in G/T . The normal bundle at a point is simply the tangent space. Let ℓ(w) be the length of w and (−1)
w := (−1) ℓ(w) the sign of w.
Proposition 6. The equivariant Euler class of the normal bundle ν w at a fixed point w ∈ W is
Proof. By Prop. 5 the tangent bundle of G/T is the homogeneous vector bundle associated to the adjoint representation of T on g/t = ⊕ α∈△ + C α . In the notation of Section 1,
By Eq. (4) and Lemma 3, at a fixed point w the normal bundle ν w is
It follows that the equivariant Euler class of ν w is
Each simple reflection s in W G carries exactly one positive root to a negative root. Hence,
Since w is the product of ℓ(w) reflections,
Equivariant cohomology of G/H
As before, G is a compact connected Lie group with maximal torus T . Suppose H is a closed subgroup of G containing T . In the next few sections we indicate the modifications necessary when the homogeneous space G/T is replaced by G/H. Since there are two groups G and H containing the maximal torus T , denote the Weyl groups by W G and W H respectively.
The equivariant cohomology ring of G/H follows from ( [8] , Prop. 1(iii)), as follows. The commutative diagram
and hence a ring homomorphism
T (G/H). It is shown in ([8], Prop. 1(iii)) that Eq. (5) is an isomorphism.
For definiteness, write as in Eq. 2
To distinguish the two copies of R in R ⊗ R WH , we denote the second factor by R[y 1 , . . . , y ℓ ] WH . Thus,
where J is the ideal generated by p(y) − p(u) for all W G -invariant homogeneous polynomials p ∈ R WG + of positive degree in ℓ variables.
With the identifications (6) and (7), the map j
Fixed points of T acting on G/H
The quotient space W G /W H can be viewed as a subset of G/H via
Proposition 7. Suppose T acts on G/H by left multiplication. Then the fixed point set
Proof. The coset xH is a fixed point
Since any two maximal tori in H are conjugate by an element of H, there is an element h ∈ H such that
Therefore, xh ∈ N G (T ), and xH = xhH. Thus any fixed point can be represented as yH for some y ∈ N G (T ). Conversely, if y ∈ N G (T ), then yH is a fixed point of the action of T on G/H. It follows that there is a surjective map
≃ F. 
The restriction to a fixed point of G/H
Proof. Write w = xH ∈ G/H. The commutative diagram of T -equivariant maps
is an injection, the restriction i * xH is given by the same formula as the restriction i * xT . The theorem then follows from Prop. 2.
Pullback of an associated bundle
Assume that ρ : H − → Aut(V ) is a representation of H. By restriction, one obtains a representation of the maximal torus T .
Proposition 9. Let σ : G/T − → G/H be the projection map. Under σ the associated bundle
Hence, g ′ = gh for some h ∈ H and
which shows that ϕ is surjective. A surjective bundle map between two vector bundles of the same rank is an isomorphism.
Pulling back the tangent bundle of G/H to G/T
Let g, h, and t be the Lie algebras of G, H, and T respectively. Under the adjoint representation of H the Lie algebra g decomposes into a direct sum of H-modules
By Prop. 5, the tangent bundle of G/H is the associated bundle
Restricting the adjoint representation to the maximal torus T , the Lie algebras of H and G decompose further into a sum of T -modules
+ (H) denotes a choice of positive roots for H, and △ + a choice of positive roots for G containing △ + (H). Hence, as a T -module,
Proposition 10. Under the natural projection σ : G/T − → G/H, the tangent bundle T (G/H) pulls back to a sum of associated line bundles:
Proof. (9) and Prop. 9)
The normal bundle at a fixed point of G/H At a fixed point w = xH of G/H, with x ∈ N G (T ), the action of T on G/H induces an action of T on the tangent space T w (G/H).
Proposition 11. At a fixed point w = xT of G/H, the tangent space T w (G/H) decomposes as a representation of
Proof. Let σ : G/T − → G/H be the projection map. Then
Theorem 12. At a fixed point w ∈ W G /W H of the left action of T on G/H, the equivariant Euler class of the normal bundle ν w is given by
Proof. The normal bundle ν w at the point w is the tangent space T w (G/H). By Prop. 11, the equivariant Euler class of ν w is
Equivariant characteristic numbers of G/H
Suppose a torus T acts on a compact oriented manifold M . Let π : M − → pt be the constant map and π * : H * T (M ) − → H * T (pt) = H * (BT ) the push-forward or integration map in equivariant cohomology. For any class η ∈ H * T (M ), the Atiyah-Bott-Berline-Vergne (ABBV) localization formula computes π * η in terms of an integral over the fixed point set F ( [3] , [4] ). In case the fixed points are isolated, the ABBV localization formula states that
For G/H with the standard torus action, let
.
Since y 1 , . . . , y ℓ are all equivariant characteristic classes, π * f (y) is called an equivariant characteristic number of G/H. With the restriction formula (Th. 8) and the Euler class formula (Th. 12),
For G/T , the formula is slightly simpler. For
, where the last equality follows from Prop. 6.
Ordinary integration and equivariant integration
We state a general principle (Prop. 13), well known to the experts, relating ordinary integration and equivariant integration. It is implicit in , Section 8) and explicitly stated for the Chow ring in Edidin-Graham ( [9] , Prop. 5, p. 627).
Proposition 13. Let M be a compact oriented manifold of dimension n on which a group G acts and let π * : H *
Remark 13.1. For a torus action the right-hand side π * η of Eq. (13) can be computed using the ABBV localization formula in terms of the fixed point set F of T on M . In case the fixed points are isolated, this gives
Proof of Prop. 13. The commutative diagram pt
π induces by the push-pull formula a commutative diagram in cohomology
In degree 0, the restriction j
Since all ordinary characteristic classes of G-vector bundles have equivariant extensions, all ordinary characteristic numbers of G-vector bundles can be computed from the ABBV localization formula.
Fix a basis χ 1 , . . . , χ ℓ of the character groupT of the maximal torus T in the compact connected Lie group G. Let H be a closed subgroup containing T in G. On G/T , we have associated bundles 
is an equivariant extension of z i , the cohomology class f (y) ∈ H * T (G/H) is an equivariant extension of f (z). Combining Prop. 13 and Eq. (11), the formula for the ordinary characteristic numbers of G/H follows.
Example: the complex Grassmannian
In this example we work out the characteristic numbers of the complex Grassmannian G(k, n) of k-planes in C n . As a homogeneous space, G(k, n) can be represented as G/H, where G is the unitary group U (n) and H the closed subgroup U (k) × U (n − k).
A maximal torus containing H is
A basis for the characters of T is χ 1 , . . . , χ n , with χ i (t) = t i . A choice of positive roots for G and for H is
Therefore,
The Weyl groups of T in G and H are W G = S n = the symmetric group on n objects,
Hence, the coset space W G /W H is in one-to-one correspondence with the set of multi-indices I = (i 1 < · · · < i k ) of length k, with 1 ≤ i r ≤ n for all r = 1, . . . , k. Each such I has a complementary multi-index J = (j 1 < · · · < j n−k ) with I ∪ J = {1, . . . , n}.
The permutation w ∈ S n /(S k × S n−k ) corresponding to I is (16) w(1) = i 1 , . . . , w(k) = i k , w(k + 1) = j 1 , . . . , w(n) = j n−k .
By Eq. (7), the real equivariant cohomology ring of the Grassmannian G(k, n) under the torus action is In this formula, the notation (p(u, y)) means the ideal generated by the homogeneous terms of the polynomial p(u, y). Let σ r be the r-th elementary symmetric polynomial. If S and Q are the universal sub and quotient bundles over G(k, n), then , where m r = k(n − k) and I runs over all multi-indices 1 ≤ i 1 < · · · < i k ≤ n.
Proof. In Theorem 14, take f (y) to be k r=1 σ r (y 1 , . . . , y k ) mr . Then
By (15),
(u i − u j ).
By (16),
One of the surprising features of the localization formula is that although the right-hand side of Eq. (19) is apparently a sum of rational functions of u 1 , . . . , u n , the sum is in fact an integer.
